Electron spectroscopy of the shot noise reduction effect 
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A general formula for current noise in a two-terminal ballistic nondegenerate conductor under the 
action of long-range Coulomb correlations has been derived. The noise reduction factor (in respect 
to the uncorrelated value) is obtained for biases ranging from thermal to shot noise limits, and it 
is related to spatial variations in transport characteristics. The contributions of different energy 
groups of carriers to the noise are found, that leads us to suggest an electron energy spectroscopy 
experiment to probe the Coulomb correlations in ballistic conductors. 
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Shot-noise measurements become a fundamental tool 
to probe carrier interactions in mesoscopic systems [n|. 
The term "shot noise" , appeared originally in the con- 
text of pure ballistic electron transmission in vacuum- 
tube devices, has acquired nowadays a much broader us- 
age and refers to different mesoscopic structures, includ- 
ing diffusive conductors, resonant-tunneling devices, etc., 
where the carrier flow exhibits nonequilibrium noise pro- 
portional to the electric current B. 

In this Letter we address the case of shot noise in 
pure ballistic conductors under the action of long-range 
Coulomb correlations, thus going back to the genuine 
shot noise definition. The fact that shot noise may be 
affected by Coulomb interactions has been known since 
the times of vacuum tubes ||^ . Their importance in meso- 
scopic conductors has been emphasized by Landauer y] 
and Biittiker p] , and evidenced recently by Monte Carlo 
simulations ||6|,[7|. The purpose of our paper is twofold. 
First, we present for the first time a self-consistent theory 
of shot noise in ballistic nondegenerate conductors g by 
solving analytically the kinetic equation. Second, basing 
upon this theory, we suggest an electron spectroscopy 
experiment to make the Coulomb correlations effect vis- 
ible. The possibility of such an experiment is based on 
recent advances in nanoscale fabrication techniques and 
shot-noise measurements |10[-p^ . 

Consider a two-terminal semiconductor sample with 
plane parallel heavily-doped contacts at a: = and x — d. 
We assume A^, <C d ^ Xp, with A^ the electron wave- 
length and Xp the mean free path, so that electrons may 
be considered as classical particles moving ballistically 
between the contacts and interacting with each other 
electrostatically. The transport in such a system is de- 
scribed by the Vlasov system of equations, that is the 
coUisionless kinetic equation for the electron distribution 
function F{X,Vx,t) coupled self-consistently with the 
Poisson equation for the electrostatic potential (p{X, t) 
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Here, Vj. is the X-component of the electron velocity, q 
the electron charge, m the electron effective mass, and n 
the dielectric permittivity. The applied bias U between 



the contacts is assumed to be fixed by a low-impedance 
external circuit. The distribution functions at the left 
(L) and right (R) contacts are supposed to consist of a 
stationary part and a small fluctuation 



F((i, W:r,i)|„^<0 = Fs{Vx) +SFR{Vx,t). 
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Under nondegenerate and equilibrium conditions in the 
contacts, we assume for the stationary part of the injec- 
tion function the half-Maxwellian distribution Fs{vx) = 
[2No/{vo\/n)]e^^''^'"o , where A^'o is the density o f elec- 
trons injected from the contact, vq = ^JlksT jm is the 
thermal velocity, fc^ the Boltzmann constant, and T the 
temperature. The stochastic terms 5Fk, k = L,R in Eq. 
(y) are the only sources of noise under ballistic trans- 
port considered here, since the electron motion between 
the contacts is noiseless. Their correlation is given by 
{6Fk{vx,t)6Fk>iv'^,t')) = F,{vx)Skk'Sivx - v'^)6{t - t'). 
As a consequence of these fluctuations inside the con- 
tacts (whose origin is ultimately the carrier scattering 
processes), both the electron distribution function and 
electrostatic potential in the ballistic sample fluctuate, 
which leads to the current fluctuations. Introducing 
the Fourier transform for the fluctuations, the linearized 
Vlasov equations give 
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where in the low-frequency regime of interest here {lo <C 
T^ , with tt being an average transit time between the 
contacts) we have omitted the term (x iuj. It is seen, that 
the calculation of fluctuations requires the knowledge of 
the stationary distributions F and ip, which, in turn, 
can be determined by solving the self-consistent steady- 
state problem. It is advantageous to introduce the di- 
mensionless potential ijjix) = qip{x)/{kBT), and to scale 
n = N/{2No), X = X/Ld, with Ld = ^/^k^TJ^^N^ 
being the Debye screening length. In such units our prob- 
lem contains only two dimensionless parameters: (i) the 
length of the sample A = d/Lj), and (ii) the applied volt- 
age bias V — qU/{kBT). Let the space charge be such. 



that a potential minimum ^^ = —Vm occurs at x = a;™, 
which acts as a barrier for the electrons by reflecting a 
part of them back to the contacts. Since Eq. (||) is equiv- 
alent to {dF/dt)\trajectory = 0, the distribution function 
at any plane X may be expressed through the injection 
distribution functions given at the contacts. By making 
use of the Maxwellian stationary injection and the contri- 
bution of different groups of carriers (transmitted and re- 
flected), we obtain the electron density n — J F{x, Vx)dvx 
as a functional of the potential 
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where ri[x) = ip{x) — ipm is the shifted potential mea- 
sured from the minimum, erf stands for the error func- 



tion, n„ = i( 



'(1 



) is the electron density at 



the potential minimum, and /3 = tanh(T^/2). Here, and 
throughout of the paper, we shall use the upper sign for 
the left side of the potential minimum < x < Xm, and 
the lower sign for the right side Xm < x < X. Note that 
in equilibrium, V—0, /3=0, the Boltzmann distribution 
n{x) = e^^^^ is recovered throughout the sample. 

The obtained Eq. (g|) is then used to solve the Poisson 
equation d^rj/dx^ = n, subject to the boundary condi- 
tions at the contacts 7/(0) = Kn, '7(A) = Vm + V , and the 
condition at the potential minimum ri{xm) — 0. Integra- 
tion leads to the electric-field distribution 
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where j3 and Um are functions of V as specified above. 
Integrating Eq. (0), one obtains the distribution of the 
potential in an implicit form where, for the given V , A, 
the only unknown parameter is the potential minimum 
Vm- The latter is found from the matching at x = Xm 
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This brief description of the steady-state is then com- 
pleted by the expression for the stationary current / = 
qA J VxFdvx, for which we find U^ 



I = Ir.e- 



^[l~e-^]=2I,nmf3, 



(10) 



where Ic = -i=qNoVoA is the emission current from each 
contact. The above relations solve completely the steady- 
state problem for a ballistic conductor under a space- 
charge-limited transport regime, for which Eqs. (|9|) and 
( [lO| ) determine the current-voltage characteristics. 

To solve the fiuctuation problem (0)-(p|), we first find 
the fluctuation of the distribution function SF in a given 
electrostatic potential (p{x) + S(p{x) by solving the per- 
turbed kinetic equation (Q). The fiuctuation SF con- 
sists of the contributions corresponding to the transmit- 
ted and reflected groups of carriers, the expressions for 



them are quite cumbersome and will be presented else- 
where Pq ]. Then, for the current fiuctuation we obtain 

/•OO /'OO 

SI= 5lL{e)de- / 5lR{e)de ~ ISVm, (11) 

where SVm = —S'ijj{xm) is the potential minimum fiuc- 
tuation and SIk{s) is the fluctuation of the contact in- 
jection current per energy interval [oc SFk{e)], with e 
being the kinetic energy normalized by ksT. The corre- 
lator for SIk is obtained from that for 6Fk given above, 
{SIk{e)SIk'is')) = 2qhiAf)e-'dkk'S{e-s'), with A/ the 
frequency bandwidth. Since the injected electrons of dif- 
ferent energies are uncorrelated, the first two terms in 
rhs of Eq. ( pi] ) give the full shot noise. It is the last 
term —I SVm, caused by the self-consistent potential fiuc- 
tuation (long-range Coulomb correlations) , that compen- 
sates the current fluctuation and may result in the noise 
reduction. 

The potential barrier fiuctuation SVm, which is of 
prime interest, we find from the linearized Poisson equa- 
tion (^) . Let us introduce the perturbation of the poten- 
tial Srjx — Sip{x) — Sip{xm), referenced to the fluctuating 
potential minimum, so that at the minimum Srix^=0. 
Thus, Eq. (0) gives the stochastic differential equation 
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+ Sn^^, (12) 



subject to the boundary conditions Srio=Srix—SVrr, 
where J = I /Ic is the normalized current and 
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is the electron-density fiuctuation due to the injection 
from the contacts, which is obtained by considering the 
contributions from both the transmitted and refiected 
groups of carriers. The terms ~ Si^x in the rhs of Eq. 
(|lj) are related to the fiuctuations of the potential pro- 
file induced by injected electrons. Note that Eq. ( [I4 ) is a 
second-order nonhomogeneous differential equation with 
spatially dependent coefficients. To find its solution in 
a general form is a complicated problem. An additional 
difficulty is due to the term 1/ ^jAwq(x) which is singular 
ai X — Xm- Nevertheless, we solve it analytically without 
any approximation by making use of the method recently 
applied for a stochastic drift-diffusion equation |1J], and 
obtain 



SVm = ^ f u{x)6n^^ dx. 
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where A = (A/2) + £'^^ - ^^\ v{x) = l/^47r?7(x), and 
n(x), E{x) are the steady-state spatial profiles of the 
electron density and electric field, which take the values 
at the left and right contacts uljEl and nnjEn, re- 
spectively. The obtained analytical expressions yield the 
fluctuation of the barrier height in terms of the spatially 
distributed "noise source" Sn^"^ which, in turn, is given 
by the fluctuations 5Il, 51 r at the contacts. The func- 
tion u{x) shows the relative contributions of the "noise 
sources" to the potential barrier fluctuations. Substitut- 
ing the obtained formula for 5Vm into Eq. (O) , we obtain 
the current fluctuation as 
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1 — J Jq K{x,e)dx, e > Vm, 
-2 J J^\ K{x,e~V)dx, e< V^ + V, 
-l-JJ^K{x,e-V)dx, e>Vm + V, 
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where K{x,e) = u{x)/[2y/nA^^e + ^(a;)], and x^, x}/ 
are found from e=—ip{x*j^)=V — iIj{x*j{). The functions 
7fc(e) introduced here for each contact have a meaning 
of the current fluctuation transfer functions, since they 
represent the ratio of the transmitted current fluctuation 
to the injected current fluctuation for a particular injec- 
tion energy e. The terms proportional to the current J 
are originated from the potential minimum fluctuations, 
whereas the constant contributions (±1) represent the 
direct transmission of fluctuations to the opposite con- 
tact. Eq. (Ill) leads to the spectral density of current 
fluctuations 
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This equation with jk (e) given by formulas ([l7| ) and (|lq ) 
is the final result of our derivations. It allows us to 
obtain the current-noise spectral density, for the given 
length of the conductor A and applied voltage V, from 
the steady-state distributions of the potential ipix), elec- 
tric field E{x), and electron density n{x) by direct inte- 
gration. Thus, the current-noise level is directly related 
to the transport inhomogeneity in the system. Note that 
the obtained formulas are exact for biases ranging from 
thermal to shot noise limits under a space-charge-limited 
transport conditions. 

A great advantage of the derived formulas is that one 
may estimate a relative contribution to the noise from 
different energy groups of carriers. Indeed, Fig. 1 shows 
the functions 7fe(e) for a fixed A and various biases V. In 
the low- voltage limit, 7^ tend to the step functions with a 
step at the barrier height. This means that only electrons 
able to pass over the barrier contribute to the equilib- 
rium (thermal) noise. For this case, one can easily obtain 
the Nyquist noise formula Sj'^ = Aqlce~^"^ = AksT Gq, 
where Go = dI/dU\u^o is the zero-bias conductance. 
With increasing the bias V, all electrons contribute to 
the noise: those transmitted over the barrier, and those 
reflected back to the contacts. The electrons for which 



7fc(£) < reduce the current fluctuations. The most 
efficient in such a compensation carriers are those with 
the energies in the vicinity of the potential barrier en- 
ergy, where jk ~^ ~oo p^ . They provide an over- 
compensation of the injected from the contacts fluctu- 
ation. There also exist the specific energy e*, for which 
the compensation fluctuation is exactly equal to the in- 
jected fluctuation, giving no noise at all 7L(e*)=0. 

The obtained current-noise spectral density 5/, which 
accounts for the long-range Coulomb correlations, may 
be compared with the uncorrelated value through the so- 
called noise reduction factor F = S'7/[2g/coth(l//2)]. By 
this definition, both the thermal noise and shot noise lim- 
its are included Q. The results (both the noise and the 
steady-state spatial profiles) are in excellent agreement 
with the Monte Carlo simulations g]. Fig. 2 shows F 
vs applied voltage V. At low values of A, F « 1. As A 
increases, the noise level becomes substantially reduced 
at ksT ^ qU < qUcr, where Ucr is a critical voltage for 
which the potential minimum vanishes. At U > Ucr the 
full shot noise level is abruptly recovered. This sharp 
increase in the noise intensity when observed in an ex- 
periment would indicate on the disappearance of the po- 
tential barrier controlling the current. 

The obtained exact solutions allows us to investigate 
in great detail the correlations between different groups 
of carriers. While the injected carriers are uncorrelated, 
those in the volume of the conductor become strongly 
correlated. Those correlations may be observed experi- 
mentally by making use of a combination of two already 
realized techniques: a hot-electron spectrometer m8 19 
and shot-noise measurements [Eo|-Ol . The electron spec- 
trometer, placed behind the receiving semitransparent 
contact, acts as an analyzer of electron distribution over 
the energy |lq , |l9[| . In this way a spectroscopic informa- 
tion, that is the average partial currents 1(e) and their 
fluctuations 61(e) may be measured for different energies 
e of electrons collected at the contact. The partial current 
of transmitted electrons at the receiving (right) contact 
is given by 1(e) = Jce~'^~^"6'(e), where 9 is the Heaviside 
step function, and the threshold energy e—0 corresponds 
to those arriving electrons which have a zero longitudinal 
kinetic energy at the potential minimum. The fluctuation 
of the partial current is obtained as 

61(e) = 6Il (e + V„,) e(e) - h e'^^ 6V„, 6(e). (20) 

Thus, the correlation function (6I(e)6I(e'))\x=\ for out- 
coming electrons may be expressed through that for in- 
jected uncorrelated electrons. A simple analysis shows 
that for e, e' > the outcoming carriers remain uncorre- 
lated since {6Il(s) 6Il(£')) oc 8(e—e') due to the imposed 
injection conditions leading to the full shot noise. In such 
a case, an interesting question arises: what is the reason 
for the noise reduction obtained for the total (integrated 
over the energies) current fluctuations? The answer is 
found looking at the electrons with energies close to the 
threshold energy e=0 ("tangent" electrons). All other 
electrons are anticorrelated with that group. This means 
that if there is a positive fluctuation of over-barrier elec- 
trons, there should be a negative one for the "tangent" 



electrons and vice versa. This anticorrelation explains 
the overall noise reduction. The "tangent" electrons can 
be thought as over-correlated. The dispersion {SP{e)) 
has a sharp peak at e=0 and then decreases with energy 
at e > 0. This peak is divergent ((5-shaped) in our col- 
lisionless theory. A small probability of scattering will 
lead to its broadening and finite magnitude. Therefore, 
by measuring the dispersion of the partial current fluctu- 
ations and/or their cross-correlations, one may observe a 
sharp peak and anticorrelation of electrons, thus making 
the Coulomb correlations effect visible. 

In conclusion, by solving analytically the kinetic equa- 
tion coupled self-consistently with a Poisson equation, 
we have derived a general formula for the current noise 
in a ballistic nondegenerate conductor which accounts 
for the Coulomb correlations. We propose an evident 
experiment to discover these correlations by monitoring 
different electron energy groups. Our work then offers 
new perspectives on what concerns the study of Coulomb 
interaction and noise in small-size ballistic devices, like 
ballistic transistors, point contacts, etc. 
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FIG. 1. Current fluctuation transfer functions for each in- 
jecting contact 71, (e) (solid), 7ii(e -I- V) (dots) vs injecting 
energy e for A=30 and various biases V. The argument of ^r 
is shifted by V, so that both yt are singular (7^ — > — cxd) at 
the same energy corresponding to the barrier height e = Vm- 
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FIG. 2. Current-noise reduction factor F vs bias U for dif- 
ferent lengths of the sample X—d/Lo- For the case of A=50, 
different contributions to F are shown: from over-barrier elec- 
trons transmitted from the left (L) and right (R) contacts, and 
those reflected by the potential barrier (refl) . 



